We consider 3D consistent systems of six independent quad-equations assigned to the faces of a cube. The well-known classification of 3D consistent quad-equations, the so-called ABS-list, is included in this situation. The extension of these equations to the whole lattice Z 3 is possible by reflecting the cubes. For every quad-equation we will give at least one system included leading to a Bäcklund transformation and a zero-curvature representation which means that they are integrable.
Introduction
One of the definitions of integrability of lattice equations, which becomes increasingly popular in the recent years, is based on the notion of multidimensional consistency. For two-dimensional lattices, this notion was clearly formulated first in [NW01] , and it was proposed to use as a synonym of integrability in [BS02, Nij02] . The outstanding importance of 3D consistency in the theory of discrete integrable systems became evident no later than with the appearance of the well-known ABS-classification of integrable equations in [ABS03] . In that article Adler, Bobenko and Suris used a definition of 3D consistency only allowing equations on the faces of a cube, which differ only by the parameter values assigned to the edges of a cube. In [Atk08] and [BS10] appeared a lot of systems of quad-equations not satisfying this strict definition of 3D consistency. However, these systems can also be seen as families of Bäcklund transformations and they lead to zero curvature representations of participating quad-equations in the same way (see [BS02] ).
As already done in [ABS09] the definition of 3D consistency can be extended: In contrast to the restriction, that all faces of a cube must carry the same equation up to parameters assigned to edges of the cube, we will allow different equations on all faces of a cube. The classification in that article is restricted to so-called equations of type Q, i.e. those whose biquadratics are all non-degenerate (we will give a precise definition in the next section). The present paper is devoted to systems containing equations which are not necessarily of type Q. Our classification will cover systems appearing in [Atk08] and all systems in [BS10] , as well as equations which are equivalent to the Hietarinta equation [Hie04] , to the "new" equation in [HV10] and to the equation in [LY09] . Moreover, it will contains also many novel systems.
In addition, every system in this classification can be extended to the whole lattice Z 3 by reflecting the cubes.
The outline of our approach is the following: In Section 2 we will present a complete classification of a single quad-equation modulo Möbius transformations acting independently on the fields at the four vertices of an elementary quadrilateral. In Section 3 we will give a classification of 3D consistent systems of quad-equations possessing the so-called tetrahedron property modulo Möbius transformations acting independently on the fields at the eight vertices of an elementary cube. In Section 4 we will show how to embed our systems in the lattice Z 3 and how to derive Bäcklund transformations and zero curvature representations from our systems. This will include the idea of embedding considered in [XP09] as a special case and can be seen as a justification for the extended definition of 3D consistency to yield a definition of integrability.
Quad-Equations on Single Quadrilaterals
At the beginning we will introduce some objects and notations. We will start with the most important one, the quad-equation Q (x 1 , x 2 , x 3 , x 4 ) = 0, where Q ∈ C [x 1 , x 2 , x 3 , x 4 ] is an irreducible multi-affine polynomial.
Very useful tools for characterizing quad-equations, are the biquadratics. We define them for every permutation (i, j, k, ) of (1, 2, 3, 4) as follows
A biquadratic h (x, y) is called non-degenerate if no polynomial in its equivalence class with respect to Möbius transformations in x and y is divisible by a factor x − α 1 or y − α 2 (with α i ∈ C). Otherwise, h is called degenerate and factors x − α 1 and y − α 2 with (x − α 1 ) | h and (y − α 2 ) | h are called factors of degeneracy. Moreover, if x | x 2 · h (1/x, y), we write (x − ∞) | h (x, y). The Theorem 2 in [ABS09] and earlier (in a different context) [IR02] gives a complete classification of biquadratics up to Möbius transformations. In particular, it can be shown that a biquadratic is degenerate if and only if i 3 = 0, where for a biquadratic h (x, y) its relative invariant i 3 is defined by A multi-affine polynomial Q is of type Q if all its biquadratics are non-degenerate. Otherwise it is of type H 4 if four out of six biquadratics are degenerate and of type H 6 if all six biquadratics are degenerate. According to Lemmas 2.1 and 2.2 which we will prove later there are no other possibilities for Q.
For every permutation (i, j, k, ) of (1, 2, 3, 4) the quartic polynomial
is called a corresponding discriminant. This polynomial turns out to be independent on permutations of (j, k, ) Let P m n denote the set of polynomials in n variables which are of degree m in each variable. We consider the following action of Möbius transformations on polynomials f ∈ P m n :
where
The group (Möb) 4 acts on quad-equations by Möbius transformations on all fields independently.
We will now present a complete classification of quad-equations on single quadrilaterals. We will not give the complete proofs here, because they are to long. However, in Section 2.3 we give an overview of the most important ingredients of this proofs.
Quad-Equations of Type Q
Quad-equations of type Q were already classified in [ABS09] . Every quad-equation of type Q is equivalent modulo (Möb) 4 to one of the following quad-equations characterized by the quadruples of discriminants:
• (δ, δ, δ, δ):
• (x 1 , x 2 , x 3 , x 4 ): one of the following quad-equations characterized by the quadruples of discriminants:
• ( , 0, , 0):
• ( x 1 + 1, 1, x 3 + 1, 1):
Remark. All these equations were already mentioned in [ABS09] .
Every quad-equation of type H 6 is equivalent modulo (Möb) 4 to one of the following quad-equations characterized by the quadruples of discriminants:
• (0, 0, 0, 0):
• (1, 0, 1, δ):
Ingredients of the proofs
We will now present some ingredients of the proofs needed for the classification of quadequations. At this point we will repeat two formulas already given in [ABS09] :
and
The following Lemma gives some informations about the relation between non-degenerate biquadratics of a quad-equation: 
Let Q 1,2 = 0. Then, due to the classification of biquadratics we get r 1 = r 2 = 0. Assume that Q 1,3 = 0. We have to consider two cases:
• If Q 1,3 is non-degenerate, suitable Möbius transformations in x 1 and x 3 lead to
In the same manner, we get Q 2,4 = (x 2 − x 4 ) 2 , and using (1) we get Q 3,4 = 0. Now, one can apply (2) and arrive Q = (x 1 − x 3 ) (x 2 − x 4 ).
• Otherwise, up to Möbius transformation in x 3 we get Q 1,3
x 3 = 0 according to the classification of biquadratics. Using (3) we get Q x 3 = 0.
Both cases are not possible because Q is irreducible. Therefore, all biquadratics must be zero polynomials. Consider
and in the same manner
and, furthermore,
with φ i (x i ) = α i x i + β i which is reducible. Contradiction! Moreover, we also have the following lemma concerning vanishing biquadratics:
Lemma 2.4. There is no solution (x 1 , x 2 , x 3 , x 4 ) of Q (x 1 , x 2 , x 3 , x 4 ) = 0 with Q 1,2 = 0, Q 1,3 = 0 and Q 1,4 = 0.
Proof. Let (x 1 , x 2 , x 3 , x 4 ) of Q (x 1 , x 2 , x 3 , x 4 ) = 0 with Q 1,2 = 0, Q 1,3 = 0 and Q 1,4 = 0. Then, Q 1,2 = 0 leads to Q x 3 = 0 and Q 1,3 = 0 leads to Q x 2 = 0. This is a contradiction to Q x 2 Q x 3 = 0 which is equivalent to Q 1,4 = 0.
Now, we are able to proof the following lemma:
Lemma 2.5. Every factor of degeneracy is a factor of at least two biquadratics, that
Proof. We have to consider the following cases:
Considering the Möbius transformation x 1 → x 1 + α we have to show: If
Assumption:
We set
, such thatp (x 3 , x 4 ) = 0 and therefore,
, x 3 , x 4 = 0).
In the same manner one can show, that q x 3 = q x 4 = 0 and therefore without restriction q = 1.
If = α, we reach the first case using the Möbius transformation x 1 → x 1 +1 x 1 which leads to h 1,4 = X.
] and =ˆ If = α andˆ = α, we reach the first case using the Möbius transformation
These Lemmas are the necessary tools for the classification of quad-equations. We will now consider systems of the type
where the equations A, . . . ,C are quad-equations assigned to the faces of a cube in the manner demonstrated in Figure 1a . Such a system is 3D consistent if the three values for x 123 (calculated by usingĀ = 0,B = 0 orC = 0) coincide for arbitrary initial data x, x 1 , x 2 and x 3 . It possesses the tetrahedron property if there exist two polynomials K andK such that the equations
are satisfied for every solution of the system. It can be shown that the polynomials K andK are multi-affine and irreducible. For this proof we use the following Lemma:
Lemma 3.1. Consider a 3D consistent system (4) and
Then,
Proof. We get the equations
by eliminating x 12 , x 13 and x 23 in the system (4), and we have simply to factorize
This allows us to proof the following Lemma:
Lemma 3.2. Consider a 3D consistent system (4) possessing the tetrahedron property described by the two equations
Then, K andK are multi-affine, irreducible polynomials.
Proof. Consider the system (4). The elimination of x 12 , x 13 and x 23 leads to
123 ) (otherwise, change the labeling and apply some Möbius transformations). In both casesK 3,123 = 0.
Then, due to Lemma 3.1
which is a contradiction to B 0,3 , C 0,3 ,Ā 3,123 ≡ 0. Analogously, we can proof the same for K.
The group (Möb) 8 acts on such a system by Möbius transformations on all vertex fields independently.
We classify all 3D consistent systems (4) with a tetrahedron property, whereas the classification of the case, that all quad-equations are of type Q, was already done in [ABS09] . Note, that in many cases the tetrahedron property is a consequence of the other assumptions.
There are two essential ideas which allow for this classification. The first one was already used in [ABS09] and deals with the coincidence of biquadratics assigned to an edge but belonging to different faces. We will adapt the results from [ABS09] to our situations. The second one is completely new and it can be interpreted as flipping certain vertices of a cube. We will present three theorems, two devoted to the first idea, one to the second one.
Theorem 3.3. Consider a 3D consistent system (4) with B 0,3 and C 0,3 are non-degenerate and
•Ā 3,123 is non-degenerate or
• the discriminants of B and C corresponding to the vertices of x and x 3 are not equal to zero.
Then:
1. (4) possesses the tetrahedron property.
2. For any edge of the cube, the two biquadratics corresponding to this edge coincide up to a constant factor.
3. The product of this factors around one vertex is equal to −1; for example
Proof. The elimination of x 12 , x 13 and x 23 leads to
Consider first the case thatĀ 3,123 is non-degenerate. Then,
Since B 0,3 and C 0,3 are non-degenerate, too, B 0,3 = f = C 0,3 up to constant factors. In the other case B 0,3 and C 0,3 are not complete squares. Therefore, since B 0,3 and C 0,3
and therefore deg x L = 0, so the tetrahedron property is valid. According to [ABS03] this is equivalent to
Therefore, A 0,1 /C 0,1 can only depend on x and not on x 1 . Since for symmetry reasons also A 0,1B1,12 C 1,13 + A 1,12B1,13 C 0,1 = 0 holds, A 0,1 /C 0,1 is constant. This completes the proof.
Theorem 3.4. Consider a 3D consistent system (4) with
• all discriminants on diagonals of faces are non-degenerate and
• all discriminants not equal to zero.
1. For any edge of the cube, the two biquadratic polynomials corresponding to this edge coincide up to a constant factor.
2. If in addition system (4) possesses the tetrahedron property, the product of this factors around one vertex is equal to −1; for example,
and sinceĀ 3,123 is non-degenerate and B 0,3 and C 0,3 are not of Type (0, 0), i.e. B 0,3 and C 0,3 are not complete squares, we have B 0,3 = f · k 1 (x) and C 0,3 = f · k 2 (x) with some polynomials k 1 and k 2 , so that B 0,3 /C 0,3 can depend on x only. Analogously, the elimination of x 1 , x 2 and x 123 leads tō
Since A 0,12 is non-degenerate, too, we have B 0,3 =f ·k 1 (x 3 ) and C 0,3 =f ·k 2 (x 3 ) with some polynomialsk 1 andk 2 , so that B 0,3 /C 0,3 can depend on x 3 only. Therefore, B 0,3 =kC 0,3 withk ∈ C.
In [ABS03] it is shown, that the tetrahedron property is equivalent to
This completes the proof.
Theorem 3.5. Consider a 3D consistent system (4) possessing the tetrahedron property described by the two equations
Then, the system
which can be assigned to a cube in the manner demonstrated in Figure 1b on page 7, is 3D consistent and possesses the tetrahedron property. 3D consistency of (5) is understood as the property of the initial value problem with initial date x, x 3 , x 13 and x 23 .
Proof. Let x, x 3 , x 13 and x 23 be the initial data for the system (5). Then, we can calculate x 1 using C (x, x 1 , x 3 , x 13 ) = 0, x 2 using B (x, x 2 , x 3 , x 23 ) = 0 and x 12 using K (x, x 12 , x 13 , x 23 ) = 0.
Furthermore, one can proof that A (x, x 1 , x 2 , x 12 ) = 0 for this values of x 1 , x 2 and x 12 : Assume that A (x, x 1 , x 2 , x 12 ) = 0 is not satisfied and let x 1 and x 2 be fixed. Then, we would get another valuex 12 for x 12 using A (x, x 1 , x 2 , x 12 ) = 0. Since (4) possesses the tetrahedron property, K (x,x 12 , x 13 , x 23 ) = 0 would hold, but due to Lemma 3.2 this is a contradiction to K (x, x 12 , x 13 , x 23 ) = 0.
With this values of x 1 , x 2 and x 12 use the equationsB (x 1 , x 12 , x 13 , x 123 ) = 0 and C (x 2 , x 12 , x 23 , x 123 ) = 0 to calculate two values for x 123 which are equal because of the 3D consistency of (4). Moreover,Ā (x 3 , x 13 , x 23 , x 123 ) = 0 is satisfied due to the 3D consistency of (4) andK (x 1 , x 2 , x 3 , x 123 ) = 0 is satisfied, because (4) possesses the tetrahedron property.
We will now present the classification. The proofs will only be given for the first two sections. The other proofs are quite analogous.
Six Equations of Type H 4 , First Case
In this section we consider systems (4) with
• A,Ā, . . . ,C of type H 4 and
• all non-degenerate biquadratics on diagonals of faces.
Below is the list of all 3D consistent systems modulo (Möb) 8 with these properties and with the tetrahedron property. It turns out that their tetrahedron property follows from the above assumptions except for the system characterized by the quadruple ( , 0, 0, ).
Theorem 3.6. Every 3D consistent system (4) satisfying the properties of this section and possessing the tetrahedron property is equivalent modulo (Möb) 8 to one of the following three systems. They are written in terms of two polynomials A (x, x 1 , x 2 , x 12 ; α, β) and K (x, x 12 , x 13 , x 23 ; ) as
The polynumials A and K can be characterized by the quadruples of discriminants of A:
• ( , 0, 0, ):
• ( x + 1, 1, 1, x 12 + 1):
Proof. We will start with systems characterized by ( , 0, 0, ). In this case we suppose that the tetrahedron property holds. Due Section 2 we have
up to Möbius transformations in x, x 1 , x 2 and x 12 . We have the biquadratics
The biquadratics A 0,2 and B 0,2 coincide up to a constant factor because of the tetrahedron property. Therefore, up to Möbius transformations in x 3 and x 23 we have
with biquadratics
We have to keep in mind that Möbius transformations x → µx + ν and, if = 0, also x 2 → µ 2 x + ν 2 do not change B 0,2 up to a constant factor. However, the influence of these transformations on B can be eliminated by x 23 → µx 23 + ν and β → µβ or, if = 0, by x 3 → µ 2 x 3 + ν 2 , x 23 → µx 23 + ν and β → µµ 2 β. Furthermore, the biquadratics A 0,1 and C 0,1 as well as B 0,3 and C 0,3 coincide up to a constant factor and, moreover, we have
Therefore, up to Möbius transformation in x 13 we have
withγ = 0, if = 0, and biquadratics
Again, we have to keep in mind that Möbius transformations x → µx + ν and, if = 0, also x 1 → µ 1 x 1 + ν 1 and x 3 → µ 1 x 3 + ν 3 do not change C 0,1 and C 0,3 up to a common constant factor. However, the influence of these transformations on C can be eliminated by x 13 → µx 13 + ν and γ → µγ or, if = 0,
From A, B and C one can derive K. However, K is multi-affine and independent on x 1 , x 2 and x 3 only if γ = α + β andγ = 0 hold. We get
with the biquadratic
In the same way as for C, we get, up to Möbius transformation in x 123 ,
with the biquadraticC
Due to Theorem 3.5 we have γ 2 = α + β andγ 2 = 0.Ā,B andK can now easily derived from the other equations. After transformations α → α − β and β → β − γ we get the above system. Now, we consider the systems characterized by ( x + 1, 1, 1, x 12 + 1). In this case we do not suppose the tetrahedron property. We will show, that it follows from the above assumptions. Due to Section 2 we have
up to Möbius transformations in x, x 2 , x 3 and x 23 . We have the following biquadratics
Due to Theorem 3.4 the biquadratics A 0,2 and B 0,2 coincide up to a constant factor. Therefore, we have, up to Möbius transformations in x 1 and x 12 ,
Furthermore, the biquadratics A 0,1 and C 0,1 as well as B 0,3 and C 0,3 coincide up to a constant factor, and therefore, we have, up to Möbius transformation in x 13 ,
Moreover, the biquadratics A 2,12 andC 2,12 as well as B 2,23 andC 2,23 coincide up to a constant factor. Therefore, we have, up to Möbius transformation in x 123 ,
with biquadraticsC
In addition, the biquadraticsĀ 3,13 and C 3,13 ,Ā 3,23 and B 3,23 as well asĀ 23,123 and C 23,123 coincide up to a constant factor and therefore, we havē
Nevertheless, A 1,12 andB 1,12 ,B 1,13 and C 1,13 ,Ā 13,123 andB 13,123 as well asB 12,123 and C 12,123 coincide up to a constant factor. Therefore, we havē
with biquadraticsB
Now, one can easily compute K andK from the above equations. Therefore, the tetrahedron property holds for this system. The next case will consider on systems characterized by x 2 , x 2 1 , x 2 2 , x 2 12 where all biquadratics on edges have four factors of degeneracy. In this case we suppose the tetrahedron property. Due to Section 2 B = β (xx 2 + x 3 x 23 ) − (xx 3 + x 2 x 23 ) up to Möbius transformations in x, x 2 , x 3 and x 23 . We have the following biquadratics:
The biquadratics A 0,2 and B 0,2 coincide up to a constant factor because of the tetrahedron property. Therefore, up to Möbius transformations in x 1 and x 12 we have
We have to keep in mind that Möbius transformations x → x −1 and x 2 → x −1 2 do not change A 0,2 up to a constant factor. However, the influence of these transformations on A can be eliminated by x 1 → x −1 1 and x −1 12 . Furthermore, the biquadratics A 0,1 and C 0,1 as well as B 0,3 and C 0,3 coincide up to a constant factor and, moreover, we have
Again, we have to keep in mind that Möbius transformations x → x −1 as well as simultaneously
3 do not change C 0,1 and C 0,3 up to a common constant factor. However, the influence of these transformations on C can be eliminated by x 13 → x −1 13 as well as γ → γ∓1. From A, B and C one can derive K. However, K is multi-affine and independent on x 1 , x 2 and x 3 only if γ = 1/ (αβ) hold. We get K = β α 2 − 1 (xx 12 + x 13 x 23 )+α β 2 − 1 (xx 23 + x 12 x 13 )− α 2 β 2 − 1 (xx 13 + x 12 x 23 )
Due Theorem 3.5 we have γ 2 = αβ.Ā,B andK can now easily derived from the other equations. After transformations α → α/β and β → β/γ we get the above system with δ = = 0.
Our last case will consider systems characterized by x 2 + δ , x 2 1 , x 2 2 , x 2 12 + δ where all biquadratics have at most two factors of degeneracy. In this case we will also not suppose the tetrahedron property because it follows from the above assumptions. Due to Section 2
up to Möbius transformations in x, x 2 , x 3 and x 23 with δ = 0 or = 0. We have the following biquadratics:
γ .
In addition, the biquadraticsĀ 3,13 and C 3,13 ,Ā 3,23 and B 3,23 as well asĀ 23,123 and C 23,123 coincide up to a constant factor and therefore, we havē γ .
Now, one can easily compute K andK from the above equations. Therefore, the tetrahedron property holds for this system.
Remark. Equivalent systems appeared in [ABS03, ABS09] without classification results
for such systems.
Two Equations of Type Q and Four Equations of Type H 4
• B andB of type Q,
• A,Ā, C andC of type H 4 and
• the non-degenerate biquadratics ofĀ, C andC on edges neighboring B orB.
Below is the list of all 3D consistent systems modulo (Möb) 8 with these properties. It turns out that their tetrahedron property follows from the above assumptions.
Theorem 3.7. Every 3D consistent system (4) satisfying the properties of this section is equivalent modulo (Möb) 8 to one of the following three systems. They are written in terms of the two polynomials A (x, x 1 , x 2 , x 12 ; α, β) and B (x, x 2 , x 3 , x 23 ; ) as
The polynomials A and K can be characterized by the quadruples of discriminants of A:
• ( x + 1, 1, x 2 + 1, 1):
Proof. Due to Theorem 3.3 all systems we have to consider possesses the tetrahedron property. Therefore, using Theorem 3.5 we get our systems by the flips x 2 ↔ x 12 and x 3 ↔ x 13 in the systems of Theorem 3.6.
Remark. Equivalent systems appeared in [ABS09, Atk08, BS10] without classification results for such systems.
Six Equations of Type H 4 , Second Case
• A,Ā, . . . ,C of type H 4 ,
• the non-degenerate biquadratics of A andĀ on diagonals of faces and
• the non-degenerate biquadratics of B,B, C andC on edges not neighboring A and A.
Theorem 3.8. Every 3D consistent system (4) satisfying the properties of this section is equivalent modulo (Möb) 8 to one of the following three systems. They are written in terms of three polynomials A (x, x 1 , x 2 , x 12 ), B (x, x 2 , x 3 , x 23 ; β) and K (x, x 12 , x 13 , x 23 ) asĀ = A (x 3 , x 13 , x 23 , x 123 ) ,B = B (x 12 , x 1 , x 123 , x 13 ; β) , C = B (x, x 1 , x 3 , x 13 ; α) ,
The polynomials A, B and K can be characterized by the quadruples of discriminants of A:
Remark. These systems did not appear in the literature before.
Four Equations of Type H 4 and Two Equations of Type H 6 , First Case
Theorem 3.9. No 3D consistent system (4) exists with the tetrahedron property and with
• B,B, C andC of type H 4 ,
• the non-degenerate biquadratics of B,B, C andC on diagonals.
Four Equations of Type H 4 and Two Equations of Type H 6 , Second Case
• B,B, C andC of type H 4 and
Below is the list of all 3D consistent systems modulo (Möb) 8 with these properties and with the tetrahedron property. It turns out that in the last case the tetrahedron property follows from the above assumptions.
Theorem 3.10. Every 3D consistent system (4) satisfying the properties of this section and possessing the tetrahedron property is equivalent modulo (Möb) 8 to one of the following four systems which can be characterized by the quadruples of discriminants of A:
• (1, 1, 0, δ 1 δ 2 ):
Remark. If δ 1 = δ 2 = 0, A is reducible.
• x 2 , x 2 1 , x 2 12 , x 2 2 :
-There are two non-equivalent systems with this quadruple of determinants:
A = A (x 3 , x 13 , x 23 , x 123 ; δ 1 , δ 2 ) ,B = B (x 1 , x 12 , x 13 , x 123 ; α) , C = B x, x 1 , x 3 , x 13 ; α −1 ,C = B x 2 , x 12 , x 23 , x 123 ; α −1 , K = A x, x 13 , x 23 , x 12 ; δ 1 α −1 , δ 2 α ,K = A x 3 , x 1 , x 2 , x 123 ; δ 1 α −1 , δ 2 α -and
Remark. These systems did not appear in the literature before. Special cases of equations A = 0 in the last two systems are equivalent modulo (Möb) 4 to the equations whose integrability was shown in [Hie04, LY09] and the "new" integrable equation from [HV10] .
Two Equations of Type H 4 and Four Equations of Type H 6
• A,Ā, C andC of type H 6 ,
• B andB of type H 4 and
• the non-degenerate biquadratics of B andB on diagonals.
Below is the list of all 3D consistent systems modulo (Möb) 8 with these properties and with the tetrahedron property.
Theorem 3.11. Every 3D consistent system (4) satisfying the properties of this section is equivalent modulo (Möb) 8 to one of the following six systems which can be characterized by the quadruples of discriminants of A:
B (x 1 , x 12 , x 13 , x 123 ; δ 1 ) = (x 1 − x 123 ) (x 12 − x 13 ) + 2 (δ 1 − 1) α
-and
• x 2 , x 2 1 , x 2 12 , x 2 2 : -There are three non-equivalent systems with this quadruple of determinants:
-moreover,
-and last but not least
Remark. Except two special cases (see [Atk08] ) these systems did not appear in the literature before.
Six Equations of Type H 6
In this section we consider systems (4) with A,Ā, . . . ,C of type H 6 . Below is the list of all those systems possessing the tetrahedron property.
Theorem 3.12. Every 3D consistent system (4) satisfying the properties of this section is equivalent modulo (Möb) 8 to one of the following five systems which can be characterized by the quadruples of discriminants of A:
• (0, 0, 1, 1):
• x 2 , x 2 1 , x 2 12 , x 2 2 : -There are two non-equivalent systems with this quadruple of determinants:
-and A (x, x 1 , x 2 , x 12 ; δ 1 , δ 2 ) = xx 1 + x 2 x 12 + δ 1 x 1 x 12 + δ 2 x 1 x 2 , A = A (x 13 , x 3 , x 123 , x 23 ; δ 1 , δ 2 ) , B = A (x, x 3 , x 2 , x 23 ; δ 2 , 0) , B = A (x 13 , x 1 , x 123 , x 12 ; δ 1 δ 3 , δ 2 ) , C = A (x 12 , x 1 , x 3 , x; −δ 3 , −δ 1 δ 2 ) , C = A (x 123 , x 12 , x 23 , x 2 ; −δ 3 , 0) , K = A (x 13 , x 12 , x, x 23 ; δ 1 , −δ 3 ) , K = A (x 123 , x 1 , x 2 , x 3 ; δ 1 , −δ 3 ) .
Remark. All systems except for the one characterized by the quadruple (0, 0, 0, 0) did not appear in the literature before. The latter is equivalent to a special case of the one of the systems from [Atk09] (in that paper the tetrahedron property is not assumed).
4 Embedding in the lattice Z
3
The main conceptual message of [BS02, ABS03] is that 3D consistency is synonymous with integrability. In the situations considered there, where equations on opposite faces of the cube are shifted versions of one another, it was demonstrated how to derive Bäcklund transformations and zero curvature representations from a 3D consistent system. It might be not immediately obvious whether these integrability attributes can still be derived for our systems, where the equations on opposite faces of one elementary cube happen to be completely different. We show now this is the case, indeed. We start with the composing an integrable system on Z 2 from a non-symmetric multiaffine polynomial Q from one of our lists. The polynomials will be assigned to the faces as demonstrated in Figure 2 . For an equation Q (x, x 1 , x 2 , x 12 ) = 0 we define |Q := Q (x 1 , x, x 12 , x 2 ) , Q := Q (x 2 , x 12 , x, x 1 ) and Q := Q (x 12 , x 2 , x 1 , x) .
This can be interpreted as reflections at the axis implied by the notation. So, the basic elements of our embedding are not as usual faces but quadruples of faces as marked by the bold lines in Figure 2 and the embedding is not one-periodic as usual but two-periodic in each direction. In the cases considered in [XP09] the equation Q is a shifted version of Q as well as Q is a shifted version of |Q . We show now that this 2D system, with an elementary 2 × 2 building-block, is integrable: One can find (properly generalized) Bäcklund transformations and zero curvature representations for these systems.
Let us start with Bäcklund transformations. In the symmetric case, i.e. for systems of the ABS-list, we have the picture like in Figure 3a Zero curvature representations can be derived for non-symmetric systems, too. We will first consider briefly the idea how to derive zero curvature representations of the symmetric systems. In the symmetric case we have again the picture like in Figure 4a . In this case a transition matrix of a zero curvature representation of an equation on the ground floor can be interpreted as a Möbius transformation (in the standard matrix notation) from one vertex of the first floor to another one connected by an edge e.g.,
with L a 2 × 2 transition matrix dependent on the spectral parameter λ. One can derive the Möbius transformation from the equation of the corresponding face. For informations in more details we again refer to [BS08] . In the non-symmetric case we also need just one layer to derive a zero curvature equation (see Figure 4b) . Also in this case a transition matrix of a zero curvature representation of an equation on the ground floor can be interpreted as a Möbius transformation from one vertex of the first floor to another one conneted by an edge in the standard matrix notation, e.g.,
with L a 2 × 2 transition matrix dependent on the spectral parameter λ 1 .
Concluding Remarks
Due to Section 4 the Theorems 3.6, 3.8 and 3.10 gives us a Bäcklund transformation and a zero curvature representation for every quad-equation of type H 4 and of type H 6 in every arrangement of fields to the vertices of an elementary square of Z 2 . Therefore, they are all integrable.
